
Why probability? inD_ÉE: PCA,B)=p(A) PCB) iff ABB are independent AIB
phenomenon Both Events happening

+ ARISES from assumption or By construction
tmathematical MODEL - t-BEB-36-d.iq: A:{2.4,6}, B :{1123,4}

coin flips

✓ \. c0ÉBy : PCA,B)=P(A/B)PCB)
DETERMINISTIC→ Probabilistic

suppose B. has OCCURRED.
.

• parameters DETERMINE • parameters DESCRIBE Tng, information changes probabilities of other Events
• FIXED outcome ⑨ Output is VARIABLE

PCD 1137=0 (D,B disjoint:DnB=0)- Definitions
mm ¥ PCCIB-7=1 (CIB)

SEEPAGE: SET of all possible outcomes 52 PCA/B)÷??? (notdisjoint
: AMB-1-0)

: subsetOFA, AER p Lgyuqn B. hashappened, what>is prob. of A happening?
PROBAB.in/yp-.isafUnctt0nthatasst9nslIKeHh00D When do BFA overlap? .

-

to Events inR occurring ,

"'E'"* ⇒ soma-n.ngm.s.name.

#ÉÉÉÉ! µ,µ⇒
must satisfythe axioms p(A/ B) = - =

-

R Gq P(B)
A# what is PCA/B) when - AIB /they ARE INDEPENDENT?)

(2) P(07=0 nothing NEVER happens
PCAIB) shows ftp.t.n • Bayes + billiards

(3) p(A) +p(A-7=1 EITHER RAINING OR Not Raining
pca,B)=p,,z,A,

• indeptnovgntof Laplace:

B^Ñ "

PCA /B) PCB)=p(BIA)p(A)
Pof causegiven an event

(4) PCA;) C- -10,11 MASS IS POSITIVE PDF -
isproportional to

finiteI→ mass . fora /p(A,B)=PlBIpA2p÷A5| lpofeventgiventnecaose
infinite52→density (21--1 -

• updates?

21
(5) If Ai. . - An disjoint, • density> notmass-1¥ ? to B.is :B,

--- Bn 2.

A;nA;=0v-Ci,j)
• foruniform distr 0.5 go.gg?-to-?g--xygg?y-ar8ma1*s+r

's

(# ofpoints)P(point)=I

ZPCUA;) PCA? as . ? =3 #%¥B5R #①
-

U: union (in Either A- or B)
EMUST BEZEP¥ Bz B,

Ba,
[0-4 0-6]

gnpfx
,y]

otherwise fscs
n: iniersectton Cin Both AdhdB) find pca> interns of Bi's p(•1×7=1"÷¥=°o÷ y⇐¥

(G) PCAUB)=P(A.)+PCB)-PLANB) Union
. Bi's Disjoint YPCABt-ZPCABz.gwgnjo.intdistribution

A-⑧B
'

PLA) PCAIB;) PCB? continuous
→

pcxs-fpg.gg?gDdsAUB
i. analog

STORIEDDistributions
nw-

t.BERNOUIHR.vn : Two outcomes : SUCCESS & failure
probability

✗={ ' success
o

o failure 1-0

✗~ Bernoulli (O)

fcx) :{ 0 it x=i
1-0 if 25-0

2. Binomially:RV~: INDEPENDENT Bernoulli w/ p success 0 • • • • •
• • • • • (1)=¥¥IN= # trials
⑥ • ⑧ ⑧ ⑧

✗ =#SUCCESSES intrials→ {01,2. .- N } ⑧ • ⑧ • •

⑥ ⑧ ⑧ ⑧ • ABODE
⑧ ⑨ ⑧ ⑨ •

✗~ Binomial(1%0) ⑧ ⑧ • • ⑨

⑧ ⑧ ⑧ ⑧ ⑧

⑧ ⑧ ⑥ • ⑨
3)

fcx): (E)o"(1-oj""
#arrangements 5×4×3 __ 5¥
ORDER matters

=

3.GL#LERN:inDEPEnDEntBErn0UWS • • • • • •

Butwhat if ORDER
É

✗= #failures before success Doesn't matter? (%-)
✗NGEOMCO) t

shuffling
chosen

fact :(1-050
4. Polssonthvi Essentially interested in# arrivals given rateof arrivals

mathematically itisa Binomial with a finite successes

But N #trials→ as

Opsuceess-so
NO -_ constant__a

✗= # ARRIVALS

a- rateof arrivals

✗- Poisson(A)

for)=?÷é"



RANDOMVARIABIE-i.RU/y:R-lRavERy unfortunatename.- EE-iED-RBU-E-on.of.RU/4lEIosEGd-- 0
Deterministicfunction that maps outcomes in samplespace CDFGC)=¥Gd=Pr(XIX) ¥7,-1%60=1=
to Real NUMBERS.

foifR has a probability distribution OVER
it. this INDUCESxpefa-at.nof.RU/z3ifunctconofXe3CX)aPR0BaB'lhtg distribution

of R.V. on IR
' •n+;I,¥

R R

/ Pl
)

indicator R.v. g :(x) : new randomcoins 1-1-71 0.4 E[4) = [xiipcx'D fxftk)dx variable,
1-→0 0.6 i wantExpectation

↳ E-[91×7]=-290437647 f9GDfCx)dx
I IR PC ) i

n

Distr- of {1,1} → Sumlin) "36 *statistical interpretation.EE/igIn-EyXiREPEatEDsamPHn9sumof
; ; ;

S:{"J}
Law ofLargenumbers

Xi=✗(Si)

2 DICE
{6,6}→sumC6, 6) { '136 RV:#

*linearity : 2rvsxzyi.EU/+bY)--aECx)tbElY)
✓RANDOM

variables
" MAPPING §ÑÑn:ÑnÉopo+sBecouqpgpM. area ofplane COVERED By :(HIE w/ no gaps using hexagon)F#

Brownian motion with identical coins

with overlap? %da¥a?¥? : ""+G⇐"=z¥z=§.qo6q]
for SER, KEIR RU:s→x, can BE

#- 3Bz-(zrjz
i

pigcrqfq: ✗ can take on finite
#Values

BylinearityofExpectation 10×0.9069-9.069
-

probability mass function
: Pmf: PGcD=P(4=2:) . . E(# Dots you

cover )= 9.069
É ,qTP with this tiling

CDF:FGc)=P(✗Ex) Paci]
. . .

-
. .

. . - Since E> qtneremustbeatilingth.at can cover@LLTEN]Points
E- Risk NOTEthatth.gs approachDOES not WORK with 11 -- -

PGCDTPLXZ)tPG↳q¥•
1 .

-

1110.90697=9.98 . . . SOWEARE omg promisedpoll)tPCxD| i. coverage of 10/11 points

PCXDO ✗ By the ABOVE logic

continuous:X can takeon infinite #
values

IR mom-entge-nratngfu.no#ons(mGF)-:nthmomEntofRVX
9
, height.(%) moment ancientERED CENTERED

probability densityfunction qz be,gn+(qz, f-[Xn]=/EX?p(x-D DISCRETE
1st E-[×]=µ avg

Pdfi 1. foe>20
as

2.Sftk)=l b

" 1- Infinite (frxnfcxjdx continuous 2nd EEXZ] E[(x-µJ] SPREAD
x ice KtE -cs RANGE 3rd E[✗3] E[(x-µ)3] ASYMM.

3. P(aEXSb)=ffCx)dx7-Go)=ffcx>DX a usefulforstudying IRV
's

4th E[✗4] E[-µ)
"] tails

-is p(x=a)=O taek

34-2f(K)=% pcx-exexte-gfcxsdx-zef.CH *** Both CDFSQMGT-suniQ-E.ly Define aprobability Distribution ***
X-E



{ÑÉÑÑnÉOD0tsBEcovERED\with identical coins

with overlap??--
i

- AREA ofplane COVERED By :

(tile w/ no gaps using hexagon)
.

•

. .
. . .

4¥

awaofoin-I.am#3TrY-=zJ--z= -01.9069].
. area of 3d¥(zr)2

:
'

BylincearityofExpectation 10×0.9069-9.069
z(# 120+5904=9.069COVER

with this thing
since E> 9.thEREmustBEatilingthatcancovERCALLTE.tv]Points
NOTEthatth.is approachDOES not WORK with 11 .. .

19-(0-9069)=9.98 . . - SOWEAREOMY promised
coverage of 10/11 points

By the ABOVE logic

dtoRIEDDistRIB-t.ms
DISCRETE RV continuous RV

t.BERNOUIHR.vn : Two outcomes : SUCCESS &failURE I.Unifo#RV fore)
probability

✗={ 1 success
0 xe~unifla.be)

0 failure 1-0

1-Distributed
according

µ,,, {¥ if ✗ c- Fasb] x

✗~ Bernoulli (O)
b

0 otherwise
pcx) :{ 0 it x=,

1-0 if 25-0

⑧ • • ⑨ ⑨ -1 Nl2. BInomialmRIi-inDEPEnDEntBErnouhisw1.o@ooo.o
. (E)= 2.tt?,nPfYp?anptp!#aR+YmqogpoissonprocessesN= # trials PSUCCESSO

• • ⑧ ⑧ ⑧
µ

✗ =#SUCCESSES intpiialsns {01,2. .- N } ⑧ • ⑧ • •

g. arrival rate
(somethin Poisson DISTR).

⑥ ⑧ ⑧ ⑧ •
ABODE

• ⑧ ⑧ ⑨ • ✗~Expon(A)✗~ Binomial(1%0) ⑧ ⑧ • • ⑧ [54-5]• • ⑧ ⑧ ⑧ xµfCX
)

pcx): (E)O"(1-oj"" • ⑧ • • •

gym:{Ré
"" if XZO

#arrangements
order matters

__ 5×4×3=7.5 0 if >Ceo
3.GL#IIEnRN:inDEPEnDEntBErnoUlliS • • • • • •

Butwhatif ORDER
É

Derivation: During int⇒h,
É%&

✗= #failures before success Doesn't matter? (%-)
nothing arrives-→ Poisson w/ 0 arrivals

t✗NGEOMCO) snuffling
in oneunitoftime

K chosen
place :(1-030 so pco)=%?-,é^=é"

4. Poisonous: Essentially interested in# arrivals given rateofarrwalsformemonfl.ES
p(no

arrivals )
no arrivals

process
in #metan;µ=p(

no arrivals
in time o-1un.it/P(in&ime1-2units)mathematically itisa Binomial with a finite successes

But N #trials-30
-. .

opsuaess-so
NO -_ constant"

= e-
"
e-
^

. . . e-
^

*** Deprivation *** pei-fi-E.CHn )
"

✗= # arrivals goin ✗ time units,
a- rateof arrivals (E) 0×(1-0)

""

e-
a

>
1
- qPCR>⇒ = e-

^"

a- poisoning:%fi÷⇒(¥)Y¥n÷*" '÷]N→a RECOGNIZE T_pTTÑ= e-^"por)=^÷é" N CDF !!

F- Fac>=L-e-
"̂
-

mailman weekbyweek =/ fix)=¥Fcx)=¢é^Ñ- ☐

A- Poisson DISTRIBUTION & a Poisson process ARE not thesame The exponential Distribution is MEMORY
less

↳see Lttsofnextpage Boundaryfor LIGHT/Heavy tails.mn



Mathematical Encoding of Memorylessniess 3.Gamma R.v.

ÑaÉngÉme for carnivals of Poisson process• po.jo#TEssETaRTmmTREssdis+r.T• The Exponential Distr. isthe only memory
less continuous

A.rate ofarrivals
• d- probability distribution is memoryless if a:# of arrivals
Prcx>ttslx> s)=Pr(X> t) (and

T fcxsx.at#- e-
""

k=1

÷ DERIVATION: -sameasBEFORE But k?_?
PHE>c) =)- p(x>x)

cannot arrive k=k÷⇒→ ¥¥#→ addition for
mutually Exclusive

Events

Fix)=tÉ#!e → dF÷=1¥ 1¥
R=o

¥_T=⇐¥ I # ofevents
☐

Shifting By 's' makes no Difference 4.Gaussian Distribution RV (aka
Normal)

[p(✗>f) = e-At] Recall from Exp Distr Derivation ÑÑ(µ,o2)-- very lighttails
conditional probability Definition fGD=j¥e×p(_%¥?)
P(×>ttslx>5) PCX> s)=P(x> tts) Ern

¥ ¥ T ¥ central many quantities mopqlEDBysumsofR.US
:

e-AS e-
irctts) limittheorem =§✗;•~N 5

:#
④ (x>ttslx>s)=é×t) ⇐i Lar 15

= Ifboth 15+3, 2ndmoment DEFINED,
"'¥¥¥ñ

normal-1380 sum of Independent randomvariables w/

PoisonPRICES
•

Any underlying Distribution approaches
Normal. What doesthismean?

# of • → as
a"

- "

=pickanya.be/R.y----nZXi,Xi~dP(th0)RratE%•
# ofa's : Poisson Distr.

""

b

⇒ of • Btw •⇐ Expo. Distr. concentration : dt :Y-~Ñ(µ,#-)Am Pr[a¥£5-µ±b¥)=¥,fé
""

↳ of • Btw a • is : Gamma DISTR, F- 2-
+

h→p

teary tail : tails HEAVIERthanthe Exponential
BOUND

app-FIEyhttail.SE> finite mGFt ORDERS



Parmer Estimation
ya, constructing contents non

-parametricallystatistical functional -1:F→m
can define 0

, parameterof distribution
dsafuncttonal O=TCF) {KimKzxu3@_

Ex: means variances medians {1,2, 3,4}→
② plugine.si#ate

approximate CDF with ECDF Bootstrap '{2,2,4,3}-| g*
I dldzc I Qldx I Bootstrapsamples / {1,4-3,1} → : @*replicatesflat ICD :£É8Gc-xD x* :

g*
Estimate @ =T(=iFpklginermÉiRiah Data | nsammes

⑨ Is Canepa plug-inest.IE N
-samples

§'s have Biases:(0^7-0=1^0-5620>dx- 1-(F) for 0th confirms, RETRIEVE PERCENTILES of
How offistn.IS Estimate on average

?

Question.-Given asetofdata, we canestimate parameters
g.a.www.n.y.mm.u.mn
..,.mn?..ng....m.p...m.....an,
-

{Kinks Xu} MIE O* maximumaccount for sampling variation?
{1,2, 3, 43 MIE likelihood

Solution : Bootstrapping! → CONFIDENCE intervals ! estimateBootstrap _{2,2,4,3}_| MLE OF.MGsampling yourdataset 95% 4-the time, a 95% interval

with replacement of@ will contain 0
(dMM" / { 114,3 , I } → ;

xk :

LÉ) o*
Maximum Likelihood Estimate MMLE

T.gzeinood.TT?yj=IEy;oJJ-- {9,9393'
" .sn ) N

-samples

for 0th confirms, RETRIEVE percentiles of @
*

fd , Lcoiy)=Tlfcy;) sumsarenleoerthanproducts

⇐'
• Sometimes MLE

-
-plug-in, but this

isnt always the
case

lo9-t-hdecogy-j-eogLCO-y-J-zlogfb.IT
"

u

• parametricinference assumes
the MODEL you have

logarithm is monotonic ISTRUE, and then WEOPHM.BE UNDER

0m¥ argmax.co#Fset&-f--Oorpqris PRESERVED that assumption
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